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Abstract 

We give several bounds for sdepth5(/ + J), sdepth5(/ n J), sdepth5(S'/(/ + J)), 
sdepth5.(S'/(/ n J)), sdepth5(/ : J) and sdepthg (£'/(/ : J)) where I, J C S = 
K[xi, . . . ,Xn] are monomial ideals. Also, we give several equivalent forms of Stanley 
Conjecture for / and S/I, where / C S* is a monomial ideal. 
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(N '. Introduction 

Let K he a. field and S = K[xi, . . . ,Xn] the polynomial ring over K. Let M be a Z"- 
00 ■ graded S'-module. A Stanley decomposition of M is a direct sum V : M = @^^^^miK[Zj\ 

as i^-vector space, where rrij G M, Zi C {a;i, . . . ,x„} such that miK[Zi] is a free K[Zi\- 
module. We define sdepth(r') = min[^]^ |Zj| and sdepth5(M) = max{sdepth(r')| P is a 
w \ Stanley decomposition of M}. The number sdepth (M) is called the Stanley depth of M. 

"^ ' Herzog, Vladoiu and Zheng show in [1] that this invariant can be computed in a finite 

T^ • number of steps if M = //J, where J d I d S are monomial ideals. There are two 

c^ . important particular cases. If / C S* is a monomial ideal, we are interested in computing 

sdepth5(S'//) and sdepth5(/) and to find some relation between them. 

Let / C 5" = K[xi, . . . ,Xr\, J <Z S" = K[xr+i, ■ ■ ■ ,Xrl\ two monomial ideals, and 
consider 5* = K[xi, . . . ^x^^. In Theorem 1.2, we give some lower and upper bounds for 
Q^ ■ sdepthg (IS* + JS) and sdepth5(S'/(/5' fl JS)). Some lower bounds for sdepth5(/5' fl JS) 

W^ . and sdepth_5(S'/(/S' + JS)) were given in |7j, respective in [TU]. An important fact, which 

will use implicitly in our paper, is that sdepth5(/S') = sdepth5;(J) + n — r, see [1]. Also, 
obviously, depthg(/S') = depthg/(/) +n — r. In [10], A. Rauf conjectured that sdepth_5(/) > 
O \ sdepth5(S'/J) + 1. We prove that this inequality holds, if sdepth_5.(J) = sdepth5[^j](/, ?/i), 

see Remark 1.4. In the first section we also give some corollaries of Theorem 1.1. 

In section 2, we consider the more general case, when I, J G S are two monomial ideals. 
In Theorem 2.2, we give lower bounds for sdepthg(/+ J), sdepth5(Jn J), sdepth5(S'/(/+ J)) 
rS I and sdepth5(S'/(/ fl J)), where /, J C S* are two monomial ideals. In section 3, we prove 

cd I that if / C 5* is a monomial ideal, and v E S a. monomial, then sdepth^. S'/(/ : v) > 

sdepth_5(S'/J), see Proposition 2.7. As a consequence, we give lower bounds for sdepth5.(/ : 
J) and sdepth5(S'/(J : J)), where I, J C S are monomial ideals, see Corollary 2.12. Also, 
if / C 5* is a monomial ideal, we give some bounds for sdepth5.(/) and sdepth5(S'//), in 
terms of the irreducible irredundant decomposition of /, see Corollary 2.13, and in terms 
of the primary irredundant decomposition of J, see Corollary 2.14. 

In section 3, we give several equivalent forms of Stanley Conjecture for / and S/I, 
where / C S* is a monomial ideal. See Propositions 3.1, 3.3, 3.4 and 3.8. 
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1 Case of ideals with disjoint support 

We denote S = K[xi, . . . ,Xn] the ring of polynomials in n variables, where n > 2. For 
a monomial u E S, we denote supp(-u) = {xi : Xi\u}. We begin this section with the 
following lemma. 

Lemma 1.1. Let u,v & S be two monomials and Z,W G {xi, . . . , Xn}, such that supp(-u) C 
W and supp(t;) C Z. Then uK[Z] n vK[W] = \cm{u,v)K[Z n W]. 

Proof. "D": Since lcm(-u,t>) = u ■ {v/gcd{u,v)) and supp(f) G K[Z], it follows that 
lcm(M, v) G uK[Z]. Analogously, lcm(M, v) G f-ft'[W^] and therefore, it follows that lcm(-u, v) G 
uK[Z]r]vK[W]. 

"C": Let w G uK[Z] fl f-ft'fW^] be a monomial. It follows that w = u ■ a = v ■ b, where 
a G K[Z] and b G -/^[W^] are some monomial. Thus lcm(-u, v) \w and w = lcm(-u, v) ■ c, where 
c = u'/lcm(-u,t>) = a/(\cm.{u,v)/u) = b/(\cm.{u,v)/v). Therefore, c G K[Z] H K[W] = 

Kiznw]. n 

Theorem 1.2. Let I G S' = K[xi, . . . ,Xr], J G S" = K[xr+i, . . . ,Xn] be monomial ideals, 
where 1 < r < n. Then, we have the following inequalities: 

(1) sdepthg (IS) > sdepth^ (JS'+JS') > min{sdepth_5.(/S'), sdepth_5„(J)+sdepth_5,(S"//)}. 

(2) sdepths{IS f] JS) > sdepth5,(/) + sdepthc;„(J). 

(3) sdepthsiS/IS) > sdepthsiS/ {I S n JS)) > mm{sdepthsiS/IS),sdepths.iS"/J) + 
sdepth.g,{I)}. 

(4) sdepthsiS /{IS + JS)) > sdepth5,(^V/) + sdepth5„(^'7J). 

(5) depthsls/ilSnJS))-! = depthsls/{IS+JS)) = depths,iS'/I)+depths„{S"/J). 

(6) depths (/5 n JS) = depthgilS + JS) + 1 = depth5,(/) + depth5„(J) and 
depthsiilS + JS)/IS) = depthsilS + JS). 

Proof. (1) For the first inequality, let IS + JS = 0[=i WjK[iyj] be a Stanley decomposition 
of the ideal IS + JS G S. Note that (IS + JS) n S' = IS f] S' = I, since JSnS' = (0). 
Therefore, I = ^l^^{wiK[Wi] n S'). If Wi G S', we have WiK[Wi\ D S' = WiK[Wi D 
{xi, . . . ,Xr}], by Lemma LL On the other hand, if Wi ^ S', we have Wj-ft'[lVj] fl S" = 
(0). Thus, / = ®^^^s'^^K[^i ^ {xi,...,Xr}]. It follows that IS = ®^^^s'^i^[^^ U 
{xr+i, . . . ,Xn}]. Therefore, sdepth^. (IS* + JS) < sdepth^. (JS*). 

In order to prove the second inequality, we consider the Stanley decompositions S' /I = 
0[^, UiKpi] and J = 0;^i VjK[V,]. It follows that S/IS = ^l^, u^K[UiU{xr+u ..., x^}] 
and JS = ^'j^iVjKlVj U {xi, . . . ,Xr}] are Stanley decompositions for S/IS, respectively 
for JS. We consider the decomposition: 

(*) is + JS = {{IS + JS) n IS) © {{IS + JS) n s/is) = is® {JS n s/is). 

We have JS n S/IS = ©^^^ ©J^^ u^K[U^ U {x,+i, . . . , x„}] n VjK[Vj U {a;,+i, . . . , a;„}]. 
Since Ui G S' and Vj G S" for all {i,j)'s, by Lemma LI, it follows that JS fl S/IS = 
01=1 05=1 UiVjK[Ui U Vj] and therefore sdepth5( J5 n S/IS) > sdepth'^( J). Thus, by (*), 
we get the required conclusion. 



(2) It was proved in [T] Lemma 1.1]. 

(3) For the first inequality, let S/{IS+JS) = 0^=^ Wj-ft'fWj] be a Stanley decomposition 
of S/{IS + JS). As in the proof of (1), we get S/IS = 0^^^^, WiK[Wi U {x.+i, . . . x^}] 
and thus we get sdepth,^ (S/JS*) > sdepth5(S'/(/S' fl JS)). In order to prove the second 
inequality, we consider the decomposition: 

s/{is n JS) = {s/{is n JS) n s/is) © {s/{is n JS) n is) = s/is © {{s/JS) n is) 

and, as in the proof of (1), we get sdepth5((S'/JS') fl IS) > sdepth5;(/) + sdepth5;/(S"'/J) 
and thus we obtain the required conclusion. 

(4) It was proved in [TOl Theorem 3.1]. 

(5) It is a consequence of Depth's Lemma for the short exact sequence of S'-modules 

-^ s/{is n JS) -^ S/IS © s/js -^ s/{is + JS) -^ o. 

See also [3 Lemma 1.1] for more details. 

(6) The first equality is a direct consequence of (5). The second follows by Depth Lemma 
for the short exact sequence 0— )■/— )-/ + J— )-(J + J)//— )-0. D 

Remark 1.3. If I G S is a monomial ideal, we define the support of I to be the set 
supp(/) = lJ^gg,J^ supp(m), where G{I) is the set on minimal monomial generators of 
I . With this notation, we can reformulate Theorem 1.2 in terms of two monomial ideals 
I, J C S with supp(/)nsupp(J) = 0. The conclusions should be also modified, as follows. If 
I, J G S are two monomial ideals with disjoint supports, then sdepthg(/n J) > sdepth5.(/) + 
sdepth5(J) — n etc. 

With the above notations, we may consider the short exact sequences — ^ / — ^ / + 
J ^ (/ + J)/I -^ andO ^ I /{I r]J)^{I + J)/ J -^ S/{I n J) ^ S/J -> 0. It 
follows that sdepth5(/ + J) > min{sdepth5(/), sdepth_5((/ + J) /I)} and sdepth5(S'/(/ fl 
J)) > min{sdepth5(\s/J),sdepth5((/ + J) /J)}. Note that (/ + J)// = J n (S/I) and 
(/ + J) /J = / n (S/J). From the proof of Theorem 1.2(1), we get sdepth5((/ + J)//) > 
sdepth5(J) + sdepth5.(S'//) — n, z/supp(/) fl supp(J) = 0. 

We recall the facts that if / = {ui, . . . ,Um) C 5 is a monomial complete intersection, 
then sdepth^(J) = n — \m/2\, see [121 Theorem 2.4] and sdepth5(5'/J) = n — m, see 
pT| Theorem 1.1]. On the other hand, if / = {ui, . . . ,Urn) C S" is an arbitrary monomial 
ideal, then, according to [6l Theorem 2.1], sdepth5(/) > n — [m/2j and according to [21 
Proposition 1.2], sdepth5.(S'//) >n — m. Using these results, we proved the following: 

Corollary 1.4. Let I G S' = K[xi, . . . ,Xr] be a monomial ideal and J = {ui, . . . , Um) G 
S" = K[xr+i, ■ ■ ■ , Xn] be a monomial ideal. Then: 

(1) sdepths(/5) > sdepth5(/5 + JS) > min{sdepth5(/^),sdepth5(5/5/) - [m/2\}. 

(2) sdepth^j/S n JS) > sdepthgilS) - [m/2j . 

(3) sdepth5(^//^) > sdepthsiS/ilSnJS)) > mm{sdepthsiS/IS),sdepthsiIS)-m}. 

(4) sdepths{S/{IS + JS)) > sdepthgiS/IS) - m. 

(5) In particular, if J is complete intersection, then: depth^ (S'/(/S' fl JS)) — 1 = 
depths (S/(/5 + JS)) = depihs{S/IS) - m. 



Remark 1.5. Let I G S = K[xi, . . . ,Xn] be a inonoinial ideal. If we denote S = 

S[yi, . . . ,ym], then, by Corollary 1.4(1), we have 

sdepth5(J) + m > sdepth_5(J, yi, . . . , y^) > min{sdepth5(J) + m, sdepth_5(S'//) + [m/2] }. 

Assume sdepth5.(J) +m > sdepth^(J,?/i, ... ,?/„.)• It follows that sdepth5(/) +m > 
sdepth5(S'/J) + [m/2] and therefore sdepth5.(/) > sdepth5(S'/J) + [m/2j + 1. In par- 
ticular, if m = 1 and sdepth^(/, ?/i) = sdepth_5(J), then sdepth5(J) > sdepth5(S'/J) + 1 
and thus we get a positive answer to the problem put by Asia in pDD]. 

Corollary 1.6. With the notations of Theorem 1.2, we have the followings: 

(1) If the Stanley conjecture hold for I and J , then the Stanley conjecture holds for 

IS n JS. 

(2) If the Stanley conjecture hold for S'/I and S"/J, then the Stanley conjecture holds 
forS/{IS + JS). 

(3) If the Stanley conjecture hold for J and S'/I or for I and S"/J, then the Stanley 
conjecture hold for {IS + JS) and S/{IS fl JS). 

Proof. (1) It is a direct consequence of Theorem 1.2(2) and 1.2(6). (2) It is a direct conse- 
quence of Theorem 1.2(4) and 1.2(5). 

(3) Assume the Stanley conjecture hold for J and S'/I. According to Theorem 1.2(1), we 
have sdepth5.(JS' + JS) > min{sdepth5(/S'), sdepth5;/(J) -|- sdepth5;(S"//)}. 
If sdepth5( J^+JS) = sdepth5(/^), then, by 1.2(6), we get sdepths{IS+JS) > depthgilS) = 
depth5,(/) + n-r> depth5,(/) + depth5„(J) > depth5(J5' + JS). 

If sdepth^ (/S' + JS*) < sdepth5(/5'), it follows that sdepth5(/5' + 75) > sdepth5//(J) -|- 
sdepth5/(S"//) > depth5//(J) -|- depth5/(5"//) = depth5.(/S' + JS). In the both cases, the 
ideal IS + JS satisfies the Stanley conjecture. The case when I and S" /J satisfy the 
Stanley conjecture is similar. Also, the proof of the fact that S/{IS fl JS) satisfies the 
Stanley conjecture follows in the same way from 1.2(3) and 1.2(5). D 

Note that, by the proof of Corollary 1.6(1), if sdepth_5(/S' + JS) = sdepth_5(/S'), 
then sdepth5.(/S' + JS) > depth5(JS' + JS) + n — r — depth5.//(S'"/J). Analogously, if 
sdepthsiS/{IS n JS)) = sdepth5(/^) then sdepths{S/{IS n JS)) > depths{S/{IS n 
JS)) +n-r- depths,, (^'7 J). 

Corollary 1.7. Let Ij C Sj := [xji, . . . , Xjn] be some monomial ideals, where k > 2,nj > 1 
and I < j < k. Denote S = K[xji : I < j < k, 1 < i < Uj]. Then, the following 
inequalities hold: 

(1) sdepth5(/iS' n ■ ■ ■ n hS) > sdepth5^(/i) H h sdepths^(4). 

(2) sdepth5(/iS' + • • ■ + IkS) > min{sdepth5^(/i) + ^2 + ■ ■ ■ + ni:,sdepth.g^{l2) + 
sdepth5^(5'i/Ji)+n3H hn^, . . . , sdepth5^(/fc)-Fsdepths^_^(S'fc_i/4_i)H hsdepth5^(S'i//i)}. 

sdepth5(/iS' + ■ ■ ■ + hS) < min{sdepth5.(JjS') : j = 1, . . . ,k}. 

(3) sde^i\is{S/{IiSr\- ■ -nhS)) > min{sdepth5^(5i//i)+n2 + - ■ ■+nk, sdepth52(^2//2) + 
sdepth^j (Ji) + ns H h n^, . . . , sdepth^^ {Sk/h) + sdepth_5^_^ {h-i) H h sdepth^^ (Ji)} 

sdepth5(5/(/iS n ■ • ■ n hS)) < mSxi{^de^t\\s{S/IjS) : j = 1, . . . , A;}. 



(4) sdepthsiS/ihS + ■■■ + hS)) > sdepths^{IiS) + ■■■ + sdepths^{IkS) . 

(5) depth5(/i5 n ■ ■ ■ n hS) = depthsihS +■■■ + IkS) + (A; - 1) = depth5^(Ji) + ■ ■ ■ + 
depth5^(/fc). 

Proof. We use induction on A; > 2 and we apply Theorem 1.2. D 

Corollary 1.8. With the notation of the previous Corollary, we have: 

(1) If Ii, . . . , Ik satisfy the Stanley Conjecture, then IiSn- ■ -HlkS satisfies the Stanley 
Conjecture. 

(2) If 1 < I < n is an integer and the Stanley conjecture holds for Ii and S/Ij for all 
j 7^ / then, the Stanley Conjecture holds for IiS + ■ ■ ■ + hS. 

(3) If 1 < I < n is an integer and the Stanley conjecture holds for Si/Ii and Ij for all 
j 7^ / then, the Stanley Conjecture holds for S/{IiS fl ■ ■ ■ fl IkS). 

(4) If S/Ii, . . . , S/Ik satisfy the Stanley Conjecture, then S/{IiS + ■ ■ ■ + IkS) satisfies 
the Stanley Conjecture. 

Proof. (1) We use induction on k and apply Corollary 1.7(1). 

(2) We may assume / = k. Denote 5" = K[xji : 1 < j < /c — 1, 1 < ^ < ""-j] and consider 
the ideal /' := IiS' -\ — ■ + h-iS' C S. By (1), it follows that the Stanley Conjecture holds 
for S'/r. We denote / = IiS + ■ ■ ■ + IkS. According to Corollary 1.7(3), since Stanley 
conjecture holds for S'/I' and Ik and since I = I'S + IkS, it follows that the Stanley 
Conjecture holds for /. 

(3) The proof is similar to the proof of (2). 

(4) We use induction on k and apply Corollary 1.7(4). D 

Corollary 1.9. With the notations of 1.7, if all rij < 5 and all I'-s are squarefree, then 
hS n---n IkS, IiS + --- + IkS, S/ihS n ■ ■ • n hS) and S/ihS + ■■■ + hS) satisfy the 
Stanley Conjecture. 

Proof. Indeed, ii I G K[xi, . . . , Xn] is a squarefree monomial ideal with n < 5, then both I 
and S/I satisfies the Stanley Conjecture, see |B] and [S]. Therefore, I'^s and Sj/I'^s satisfy 
the Stanley Conjecture. By Corollary 1.8 we are done. D 

Example 1.10. Let I = (xn, . . . ,Xi„j) fl (x2i, . . . ,X2n2) H ■ ■ • fl {xki, ■ ■ ■ ,Xknt,) C S, where 
k > 2,nj > 1, 1 < j < k and S = K[xji : 1 < j < k, 1 < i < Uj]. According to Corollary 

1.7(1), sdepth5.(/) > [ni/2] H h \nk/2]. Note that sdepth<5(/) > depth5(/) = k. Also, 

according to Corollary 3.2 or |3, Theorem 3.1], sdepth5.(/) < min{n— [nj/2j : 1 < j < A;}- 
Now, we want to estimate sdepth5(5'/J). According to Corollary 1.7(3), we have: 

sdepth_5. (S'/I) > min{ra2 H V Uk, \ni/2\ +n^^ h n^, \ni/2\ + 

+ [n2/2] + n4 + ■ ■ ■ + rifc, . . . , [ni/2] + ■ ■ ■ + K-i/2l + Uk} 

Note that sdepth5(S'//) > de])th.g{S / 1) = k — 1. Also, according to Corollary 3.2 or 
Corollary 1.7(3), we have sdepth5(5'//) < min{n — Uj : I < j < k}. 



2 The general case 

In the following, we consider l<s<r + l<n three integers, with n > 2. We denote 

S' := K[xi, . . . ,Xr], S" := K[xs, ■ ■ ■ ,Xn] and S := K[xi, . . . ,Xn]- Let p := r — s + 1. 

Lemma 2.1. Let u E S' and v G S" be two monomials, Z C {xi, . . . ,Xr} and W C 
{xs, . . . , Xn} two subsets of variables. We denote Z := Z U {xr+i, . . . , Xn} and W := W U 
{a;i,...,a;,_i}. If L := uK[Z]n vK[W], then L = {0} or L = \cm{u,v)K[{Z UW) \Y], 
where Y C {Xg,. .. ,Xr} and with \{Z{JW)\Y\ > \Z\ + \W\ -p. 

Proof. We use induction on p = r — s + 1. If p = 0, it follows that s = r + 1 and therefore 
supp('u) C {xi, . . . , Xs_i} and supp(f ) C {x^+i, . . . , a;„}. Thus, by Lemma 1.1, we get 

L = lcm(M, v)K[{Z U {xr+i, ..., x„}) H {W U {xi, ..., xj)] = lcm(M, v)K[Z U W]. 

Now, assume p > 0, i.e. r > s. We must consider several cases. First, suppose Xg ^ 
supp(-u) and Xg 4- supp(f ). If oj^ G Z fl W , we can write L = uK[Z] fl f-ft'liy] = {uK[Z \ 
{xg}] n vK[W \ {xg}])[xg]. Using the induction hypothesis, we are done. On the other 
hand, if x, | Z nW, then L = uK[Z \ {xg}] n vK[W \ {xg}]. Note that \Z nW\ = 
\Z\{xg}nW\{xg}\ > \W\{xg}\ + \Z\{xg}\ -p+l> \Z\ + \W\-p, since the variable 
Xg appear only in one of the sets W and Z. Therefore, by induction, we are done. 

Now, assume Xg G supp(-u), and denote a = max{j : xi\u} and /3 = max{j : a;^|f}. 
We write u = x"u and v = xf -u. li Xg ^ Z we have two subcases: 

a) Assume Xg ^W. li a ^ (3, it follows that L = {0}. li a = (3, then L = x'^{uK[Z] n 
'yi^[H^]) and we are done by induction, noting that lcm(-u,f) = x'^\cm.{u,v). 

b) lixg eW and a < /3, we have L = {0}. If a > /3, we have L = x'^{uK[Z] n vK[W]) 
and we are done by induction, noting that lcm(-u,f) = x" lcm(-u, {;). 

If Xg G Z, we must also consider two subcases: 

a) li Xg ^W and a > /3, it follows that L = {0}. If a < /3, we have L = x1(uK[Z] fl 
{;i^[iy]) and we are done by induction. 

b) If Xs G W ., we have L = xT "' {uK[Z \ {xg}] fl vK[W \ {xg}])[xg] and, again, we 
are done by induction. D 

Now, we are able to prove the following theorem, which generalize some results of 
Theorem 1.2. 

Theorem 2.2. Let I G S' and J C S" be two monomial ideals. Then: 

(1) sdepth5.(/S'n JS") > sdepth5/(/)+sdepth_5//(J)— p = sdepth5(/S')+sdepth_5(J5')— n. 

(2) sde^ihs{S/{IS+JS)) > sdepths,{S'/I) + sdepthg.iS" /J) - p = sdepths{S/IS) + 
sdepth^ (S'/JS') — n. 

(3) sdepth5(/S' + JS) > min{sdepth_5 (IS"), sdepth5„( J) + sdepth5,(S'7/) - p} = 
= minjsdepth^. (JS*), sdepth5(JS') + sdepth^. (S'//S') — n}. 

(4) sdepth5(^/(/^n J5)) > min{sdepth5(^//5),sdepthc;„(yVJ)+sdepth5,(/)-p} = 
= min{sdepth_5(5'//5'),sdepth5(5'/JS') + sdepth_g(/S') — n}. 



Proof. (1) We consider / = 0"^-^ ^^/^[Zj] and J = ^j^iVjK[Wj] two Stanley decomposi- 
tion for I, respective for J. Then IS = 0"=i UiK[Zi], where Zi = ZiU {xr+i, ■ ■ ■ , x„} and 
JS = ©;=i ViK[Wi], where Wj = Wj U {xi, . . . , x,_i}. We have ISnJS = ©f^, ©J^^ L,, 
a Stanley decomposition for IS fl JS, where Lij := UiK[Zi] fl fj [VTj]. According to Lemma 
2.1, Lij = {0} or Lij = \cm.{ui,Vj)K[{Zi U VTj) \ Yij], where Yij C {xs, ■ ■ ■ ,Xr} and 
|(Zj U l^j) \ Yij\ > \Zi\ + iVTjl —p. Therefore, we are done. 

(2) The proof is similar with the proof of (1). 

(3) We consider S' /I = ©^^^ UiK[Zi] and J = ©,=i VjK[Wj] two Stanley decomposi- 
tion for S'/I, respective for J. Then S/IS = ©^^^ UiK[Zi], where Z^ = ZiU {x^+i, . . . , x„} 
and JS = ©j=i ViK[Wi], where Wj = Wj U {xi, . . . , Xs-i}. We use the decomposition: 

is + JS = {{IS + JS) n IS) © {{IS + JS) n (s//s)) = is® {JS n (5//^)). 

If follows, that sdepthcj(/S + JS) > min{sdepth5(/^), sdepth5(J5 n {S/IS))}. We have 
JS n S/IS = ©f=i ©1=1 ^d ^ Stanley decomposition for IS fl JS, where Lij := UiK[Zi] fl 
Vj[Wj\. By Lemma 2.1, it follows that sde^t\ig{JSf\{S/IS)) > sdepthcj,(SV/)+sdepth5„(J) 
and therefore we are done. 

(4) The proof is similar with the proof of (3). D 

Remark 2.3. Note that the results of the previous Theorem do not depend on the numbers 
r and s. Therefore, we can reformulate the Theorem 2.2 in terms of arbitrary monomial 
ideals I,J C S. Also, if I,J C S are two monomial ideals, the minimal number p which 
can be chose, by a reordering of the variables, is p = \ supp(/) fl supp(J)|. 

Also, as in Remark 1.3, we have sdepth5((/ + J) /I) > sdepth5'(J) + sdepth_5(5'//) — n. 
Therefore, in particular, if I C J, then sdepthg{J/I) > sdepth5(J) + sdepth5(S'//) — n. 

Using the previous remark, we have the following Corollary. 

Corollary 2.4. If I,J G S are two monomial ideals and \G{J)\ = m, then: 

(1) sdepthg(/ n J) > sdepth5(J) - \m/2\ . 

(2) sdepth5(J + J) > min{sdepth5(/),sdepth5(S//) - [m/2\}. 
sdepth5.(J + J) > sdepth5.(J) — m. 

(3) sdepth5(S/(/ + J)) > sdepth5(^//) - m. 

(4) sdepth^js'/jj n J)) > min{sdepth5(S'//), sdepth5(J) - m}. 
sdepth5(S'/(/ n J)) > mm{n - m, sdepth5(S'//) - [m/2\}. 

(5) sdepth5((/ + J) /I) > sdepths{S/I) - [m/2\ . 
sdepth5((/ + J)/J)> sdepth5(/) - m. 

Proof. We apply Theorem 2.2 and use the facts that sdepth5(J) > n — [m/2\, see P, 
Theorem 2.1] and sdepth5(S'/J) > n — m, see P| Proposition 1.2]. D 

Corollary 2.5. If I G S is a monomial ideal and u G S a monomial, then: 

(1) sdepth<j(/ n {u)) > sdepth5(J). 

(2) sdepth5.(J, m) > min{sdepth_5.(/), sdepth_5(S'//)}. 

(3) sdepth5(^/(/,M)) > sdepthcj(S//) - 1. 
U) sdepth5(S/(/ n {u))) > sdepths{S/I). 



A. Rauf PH] proved that depthg{S/{I : u)) > depth.g{S/I), for any monomial ideal 
I G S and any monomial u G S, see [TUl Corollary 1.3]. Similar results hold for sdepth5(J : 
u) and sdepth5(5'/(/ : u)). In order to show that, we use Corollary 2.5 and the following 
result from ^. 

Theorem 2.6. [^', Theorem I.4] Let I G S be a monomial ideal such that I = v{I : v), for 
a monomial V G 5*. Then sdepth5(/) = sdepth_5(/ : v), sdepth_5(S'/J) = sdepth_5(5'/(/ : v)). 

Proposition 2.7. If I G S is a monomial ideal and u G S a monomial, then: 

(1) sdepth5(/ : u) > sdepth5(/). f|3, Proposition 1.3]) 

(2) sdepth5(5/(/ : u)) > sdepth5(5//). 

Proof. (1) Note that / fl (u) = u{I : u). By Theorem 2.6, it follows that sdepth_5(J : u) = 
sdepth5(/ n (m)) > sdepth5.(/). See another proof in [8]. 

(2) By Theorem 2.6 and Corollary 2.5, sdepth5(^/(/ : u)) = sdepth5(5/(/ H (m)). D 

Note that if P G Ass{S/I) is an associated prime, then there exists a monomial v G S 
such that P = {I : v). Using the above Proposition, we obtain again the results of Ishaq 
[5J and Apel ^ . 

Corollary 2.8. If I G S is a monomial ideal, with Ass{S/I) = {Pi, . . . , Pr}. If we denote 
di = \Pi\, we have: 

(1) sdepth5(/) < min{n — [(ii/2j : i = 1, . . .r}. (Ishaq) 

(2) sdepth5.(S'//) < min{n — di : i = 1, . . . r}. (Apel) 

Proof. (1) It is enough to notice that sdepth5.(Pi) = n— [_di/2\. See also [5l Theorem 1.1]. 
(2) It is enough to notice that sdepth5(Pj) = n — di. See also p. D 

Corollary 2.9. Let I G S be a monomial ideal minimally generated by m monomials, such 
that there exists a prime ideal P G Ass{S/I) with ht{P) = m. Then sdepth5(S'//) = n — m. 

Proof. It is a direct consequence of Theorem 2.6 and Corollary 2.8(2). D 

Remark 2.10. Let / C 5* be a monomial ideal. Then sdepth5.(S'//) = n — 1 ii and only if 
/ is principal. Indeed, / is principal if and only if all the primes in Ass{S/I) have height 
1. Therefore, we are done by Corollary 2.8(2). 

Corollary 2.11. Let k > 2 be an integer, and let Ij G S be some monomial ideals, where 
1 < j < k. Then: 

(1) sdepth5(/i n ■ • • n 4) > sdepth5(/i) H h sdepth5(4) - n{k - 1). 

(2) sdepthg(/i + ■ ■ ■ + Jfc) > min{sdepth5(/i), sdepth5(J2) + sdepth5(S'//i) — n, . . . , 
sdepth_5(/fc) + sdepth.g{S/Ik-i) + ■ ■ ■ + sdepth_5.(S'//i) — n{k — 1)}. 

(3) sdepth5(^/(/i n ■■ ■ n 4)) > mm{sdepths{S/Ii),sdepths{S/l2) + sdepth5(Ji) - 
n, . . . , sdepth_5(5'/Jfc) + sdepthg(/jij_i) + • • ■ + sdepth5(/i) — n{k — 1)}. 

(4) sdepth5(5/(Ji + ■ ■ ■ + /fc)) > sdepthcj(5//i) + ■ ■ ■ + sdepth5(5/4) - n{k - 1). 

Proof. We use induction on fc > 2 and we apply Theorem 2.2. D 



Corollary 2.12. Let I,JgS be two monomial ideals, such that G{J) = {ui, . . . ,Uk} is 
the set of m,inim,al m,onom,ial generators of J . Then: 

(1) sdepth5(/ : J) > sdepth_5(/ : Ui)+sdepth5(/ : ^2) + - ■ ■+sdepth5(/ : Uk)—n{k — \) > 
ksdepth.g{T) — n{k — 1). 

(2) sdepth5(S'/(/ : J)) > min{sdepth5(S'/(/ : Ui)), sdepth5(S'/(/ : U2)) + sdepth5(/ : 
Ui) — n, . . . , sdepth5(5'/(/ : Uk)) + sdepth5(/ : u^^i) + ■ ■ ■ + sdepth5(/ : Ui) — n{k — 1)} > 
sdepth5(^/J) + {k-l) sdepth5(/) - n{k - 1). 

Proof. (1) Note that (/ : J) = {I : Ui) f] {I : U2) n ■ ■ ■ H {I : Uk). Therefore, the first 
inequahty is a direct consequence of 2.11(1). The second inequality is a consequence of 
Proposition 2.7(1). 

(2) Similarly to (1), we use Corollary 2.11(3) and Proposition 2.7(2). D 

Now, let / C 5* be a monomial ideal and let / = Ci fl ■ • ■ fl C^, be the irredundant 
minimal decomposition of I. If we denote Pj = \fC'j for 1 < j < /c, we have AssiSjl) = 
{Pi, . . . ,Pk}- In particular, if / is squarefree, Cj = Pj for all j. Denote dj = \Pj\, where 
1 < i < k. We may assume that di > d2 > ■ ■ ■ > dk. Using [3l Theorem 1.3], Proposition 
2.8 and Corollary 2.11, we obtain, by straightforward computations, the following bounds 
for sdepth5(J) and sdepth5(S'//). 

Corollary 2.13. (1) n - [di/2\ > sdepth5(/) >n- [di/2\ [4/2J . 

(2) n-di> sdepth5(5//) >n- [di/2\ L4-i/2j - 4- 

In a more general case, let / = Qi H ■ ■ ■ fl Qa; be the primary irredundant decompo- 
sition of /, Pi = \fQ'i and denote g^ = sdepth5(Qj) and dj = \Pj\. We may assume that 
di > d2 > ■ ■ ■ > dk- Note that qj < n — dj/2, since Pj = {Qj : Uj), where Uj G S* is a mono- 
mial, and therefore sdepth5(Qj) < sdepth5(Pj), by Proposition 2.7(1). On the other hand, 
we obviously have sdepth5.(S'/(5j) = sdepth5(S'/Pj). Using Proposition 2.8 and Corollary 
2.11, we obtain, by straightforward computations, the following bounds for sdepth5.(J) and 
sdepth5(S'//). 

Corollary 2.14. (1) n - [4/2] > sdepths(/) > gi H ^qk-n{k-l). 

(2) n — di > sdepth5(S'//) > min{ra — di,qi — d2,qi + 52 — 4 — n, . . . , 
gi H \- qk-i - 4 - n{k - 2)}. 

Example 2.15. Let I = Qir\Q2r\Q3 C S := K[xi, . . . ,Xi], where Qi = {xf, . . . ,xl), Q2 = 
{xl,xl,xl) and Q3 = {xlyXQXTjx"^). Denote Pj = a/Qj- Note that q^ = sdepthg^Q^) = 
sdepth^[^g .j.^]((53nii'[x6,a;7]) + 5 = 1 + 5 = 6. Also, sinceQi andQ2 are generated by powers 
of variables, by /3, Theorem 1.3], qi = 7 — [5/2J = 5 and ^2 = 7— [3/2J = 6. According to 
Corollary 2.14:, we have 5 = 7—[di/2\ > sdepth5.(/) > qi+q2+q3 — 14: = 3 and 2 = 7—di > 
sdepth5.(S'//) > min{7 — (ii, gi — 4, qi + q2 — ds — 7} = min{7 — 5, 5 — 3, 5 + 6 — 2 — 7} = 2. 
Thus sdepth5(/) G {3,4,5} and sdepth5(5'//) = 2. 

On the other hand, depth5(5'//) < m.m{n — depth5(5'/Pj) : j = 1,2,3} = 2. In 
particular, we have sdepth5(/) > depth5(J) and sdepth5(S'//) > depth5(S'/J). Thus both 
I and S/I satisfy the Stanley conjecture. In fact, using CoCoA, we get depth5(S'//) = 2. 
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3 Equivalent forms of Stanley conjecture 

Proposition 3.1. The following assertions are equivalent: 

(1) For any integer n > 1 and any monomial ideal I G S = K[xi, . . . ,Xn], Stanley 
conjecture holds for I , i.e. sdepth.g{r) > depth.g{I) . 

(2) For any integer n > 1 and any monomial ideals I, J G S , if sdepthg(J + J) > 
depth5(/+ J), then sdepth.g{I) > depth5.(/). 

(3) For any integers n,m > 1, any monomial ideal I C S = K[xi, . . . ,x„], ifui, . . . ,Um G 
S is a regular sequence on S/I and J = {ui, . . . , Um), then if: 

sdepth5(/ + J) > depths (/ + J) ^ sdepth5(/) > depth5(/). 

(4) For any integers n,m > 1, any monomial ideal I G S = K[xi, . . . , x„], ifui, . . . , Um G 
S is a regular sequence on S/I and J = {ui, . . . , Um), then if: 

sdepth5(/ + J) = depths (/ + J) ^ sdepth5(/) = depth5(J). 

(5) For any integer n > 1, any monomial ideal I G S = K[xi, . . . ,Xn], if S = S[y], 
then: sdepth^(/, y) = depth5(/) =^ sdepth5(/) = depth5(/). 

Proof (1) =^ (2) =^ (3). Are obvious. 

(3) =^ (4). Assume sdepth5(/ + J) = depth5(J + J). Note that depths (J + J) = 
depth5(/) — m, since Ui, . . . ,Um G S* is a regular sequence on S/I. By Corollary 2.4(2), 
sdepth5(/+ J) > sdepth5(/)— m. Since sdepth5(/) > depth5(J) by (3), we get sdepth5(J) = 
depth5(/). 

(4) =^ (5). It is obvious, since y is regular on S/IS and we apply (4) for IS. 

(5) =^ (1). Let / C S* be a monomial ideal. Assume by contradiction that sdepth5(/) < 
depth5(/). If /c > 1 is an integer, we denote 4 = {I,yi, . . . ,yk) G Sk := S[yi, . . . ,yk]. 
Note that yi, . . . ,yk is a regular sequence on Sk/Ik and therefore depth.g^{Ik) = depth5(/). 
According to Corollary 1.4(1), we have: 

sdepth5^(/fc) > min{sdepth5(/) + k, sdepth5(S'//) + \k/2]}. 

It follows that there exists k^ < 1, such that sdepth^ (J^) > depth^(/) for any k > k^. If 
we chose ko minimal with this property, we claim that sdepthc (Ikn) = depths (J). Indeed, 
it is enough to notice that sdepth5^(/jfc) < sdepth5^_^(/fc_i) + 1. Now, by applying (5) 
inductively, it follows that sdepth5(/) = depths (/), a contradiction. D 

Remark 3.2. Let I G S = K[xi, . . . ,Xn\ be a monomial ideal such that sdepth5(/) > 
depth5(J). Let ui, . . . , Um G S* be a regular sequence on S/I and J = (-ui, . . . , Um)- Note 
that depth5.(/ fl J) = depth5(J + J) + 1 = depth5(/) - m + 1. Also, by Corollary 2.4(1), 
we have sdepth5(Jn J) > sdepth_5(/) — \m/2\. Assume sdepth5(/n J) = depth5.(/n J). It 
follows that depth5.(/) -m + 1 > sdepth5(/) - [m/2j > depth5(/) - [m/2j > depth<j(/) - 
m + 1. 

Therefore, sdepth5(/) = depth5(J) and [m/2j = m — 1, and thus m < 2. In par- 
ticular, if we could find an ideal I G S such that, by denoting S = S[yi,y2,y3], if 
sdepth5(JS'n (yi, 1/2) 1/3)) = depth5(/), we contradict the Stanley conjecture for I. 
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Proposition 3.3. The following assertions are equivalent: 

(1) For any integer n > 1 and any monomial ideal I G S = K[xi, . . . ,Xn], Stanley 
conjecture holds for I , i.e. sdepth5(/) > depth5(/). 

(2) For any integer n > 1 and any monomial ideals I, J C S, if sdepth5.(/ fl J) > 
depth5(/ n J) then sdepth5.(/) > depth^(/). 

(3) For any integers n,m > 1, any monomial ideal Id S = K[xi, . . . , x„], i/wi, . . . , Um € 
S is a regular sequence on S/I and J = {ui, . . . , Um), then: 

sdepth5(/ n J) > depth5(/ n J) ^ sdepth5(/) > depths{I). 

Proof. (1) =^ (2) and (2) =^ (3). There is nothing to prove. 

(3) =^ (1). Let / C S* be a monomial ideal. Assume by contradiction that sdepth5(/) < 
depth5(/). For any integer A; > 1, we define 4 := {I,yi, . . . ,yk) C Sk := S[yi, . . . ,yk]. 
Denote J = {yi, . . . ,yk) C Sk- Note that yi, . . . ,yk is a regular sequence on Sk/ISk- By 
Corollary 2.4(1), we have sdepth5^(/fc) > sdepth5.(/) + \k/2]. On the other hand, by 
Corollary 1.4(5), depth.g^{Ik) = depth5(/). It follows that there exists a /cq > 1, such that 
sdepth5^(/fc) > depth5^(/fc) for any k > ko, and therefore, by (2), we get sdepth5(J) > 
depth5(/), as required. D 

Proposition 3.4. The following assertions are equivalent: 

(1) For any integer n > 1 and any monomial ideal I C S = K[xi, . . . ,x„], Stanley 
conjecture holds for S/I, i.e. sdepth_5.(S'//) > depth5(S'//). 

(2) For any integer n > 1 and any monomial ideals I,JgS, if sdepth.g{S/{I fl J)) > 
depthg{S/{I n J)) then sdepths{S/I) > depths{S/I). 

(3) For any integers n,m > 1, any monomial ideal Id S = K[xi, . . . , x„], ^/'Ul, . . . ,Um d 
S is a regular sequence on S/I and J = {ui, . . . , Um), then: 

sdepths{S/{I n J)) > depths{S/{I n J)) => sdepths{S/I) > depths{S/I). 

Proof. (1) =^ (2) and (2) =^ (3). There is nothing to prove. 

(3) =^ (1). Let / C S* be a monomial ideal. Assume by contradiction that sdepth5(/) < 
depth5(/). For any integer /c > 1, we define h := (/, yi, ■ ■ ■ , yk) C Sk := S[yi, . . .,yk]- Note 
that yi,...,yk is a regular sequence on Sk/ISk- By Corollary 2.4(4), sdepth_5.^(S'fc//A;) > 
min{n, sdepth5.(S'/J) + [/c/2]}. On the other hand, by Corollary 1.4(5), depth.g^{Sj/Ik) = 
depth5(S'//). It follows that there exists a /cq > 1, such that sdepth5^(Jfc) > depth.g^{Ik) 
for any k > k^, and therefore, by (2), we get sdepth_5(J) > depth5(/), as required. D 

Remark 3.5. Let I G S = K[xi, . . . ,Xn] be a monomial ideal such that sdepth5(S'//) > 
depth5(S'//). Let Ui,...,u„i G S* be a regular sequence on S/I and J = {ui, . . . ,Um)- 
Note that depth5(^/(/ n J)) = depth5(5/(/ + J)) + 1 = depths{S/I) - m + I. Also, by 
Corollary 2.4(4), we have sdepth_5.(S'/(/n J)) > min{n — -m, sdepth5(S'//) — [m/2j } Assume 
sdepths{S/{I n J)) = depths{S/{I n J)). 

It follows that depth5(S'//) — m + 1 > min{n — -m, sdepth5(S'//) — [m/2j} > 
min{n — m, depth5(S'//) — [m/2j } > min{n — m, depth5(S'//) — m + 1} = depth5(S'//) — 
m + 1 and therefore, we have equalities. 
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If / is principal, then depth.g{S/r) = n — 1 and therefore min{n — m,depth.g{S/I) — 
\jn/2\ } = n — -m. It follows that depth5(S'//) — \m/2\ = n — 1 — \m/2\ > n — m which is 
true for all m. If I is not principal, then by Remark 2.10, depth.g{S/I) < n — 2. It follows 
that min{n — m, sdepth_5(S'//) — [m/2j } = sdepth_5(S'/J) — [m/2j = depth_5(S'//) — m + 1. 
Therefore, sdepth5(S'//) = depth5(S'//) and m < 2. 

In particular, if we could find an ideal I G S which is not principal, such that, denoting 
S = S[yi,y2,y3], if sdepth5(S'/(/S' fl (1/1,^/2)^3))) = depth5(J), we contradict the Stanley 
conjecture for S/I. 

Lemma 3.6. Let I G J G S = K[xi, . . . , a;„] be two monomial ideals and denote S := S[y] . 
Then: 

sdepths{J/I) + 1 > sdepths{{JS+{y))/IS) > min{sdepth5( J/J), sdepthc;(5//) + 1}. 

Proof. In order to prove the first inequality, we consider 0^=iMjK[Zj], a Stanley de- 
composition of {JS + {y))/IS. Note that {{JS + {y))/IS) fl S* = J /I and therefore, 
J /I = 0„j.„. UiK[Zi \ {y}] is a Stanley decomposition. 

The second inequality follows from the fact that {JS + {y))/IS = J/ 1 © y{S/I)[y]. D 

As a particular case of Example 1.10, we consider the following Lemma. 

Lemma 3.7. Let J = {xi, . . . , a;„) n (yi, ...,ym) C S' = K[xi, . . . ,Xn,yi, ■ ■ ■ , y„] with 
n > m. Then: 

(1) m > sdepth5.,(S"/J) > min{m, [n/2]}. 

(2) depths, (y/ J) = 1. 

In particular, if n > 2m — 1, then sdepth_5.,(S"/J) = m. 

Proposition 3.8. The following assertions are equivalent: 

(1) For any integer n > 1 and any monomial ideal I G S = K[xi, . . . ,Xn], Stanley 
conjecture holds for S/I and I. 

(2) For any integer n > 1 and any monomial ideals I, J G S with supp(J)nsupp( J) = 0, 
we have: If sdepthg {{I + J) /I) = depth5((/ + J) /I), then sdepths{S/I) = depths{S/I) 
and sdepth.g{ J) > depth5(J). 

Proof. (1) =^ (2). Let I,J G S he two monomial ideals, with supp(/) fl supp(J) = 0, 
and assume sdepth_5((/ + J)/I) = depth_5((/ + J)/I). According to Theorem 1.2(6), we 
have depth_5((J + J)/ 1) = depth5.(/ + J) = depth5(S'//) + depth5(J) — n. On the other 
hand, by Remark 1.3, sdepth_5((J + J)/I) > sdepth5(S'/J) + sdepth5.(J) — n. By (1), it 
follows that sdepth5(S'//) = depth5(S'//) and sdepth5(J) = depth5(J). In particular, 
sdepth5(J) > depth5.(J). 

(2) =^ (1). Let J C 5* be a monomial ideal. For any positive integer k, we denote S^ = 
S[yi,...,yk] and h = {I,yi, . . . ,yk) G Sk- Assume sdepth5(5'//) < depth5(5'//). Since 
sdepth^^ (Jjfc/JS'fc) > sdepth5.(S'//) + [k/2\, it follows that there exists a positive integer ko 
such that sdepth.g^{Ik/ 1 Sk) > depth.g^{Ik/ISk) = depth5(S'//), (V)A; > ko (*). If we apply 
Lemma 3.6 for Ik G Sk and yk+i, we obtain sdepth^^ ^{Ik+i/ISk+i) < sdepthg^{Ik/ 1 Sk) + l. 
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Thus, if we chose the minimal k^ with the property (*), we have in fact sdepth^ {Ik^^/ISkf)) = 
depth5(S'//). By (2), it follows that sdepth5.(S'//) = depth5.(S'//), a contradiction. 

Now, assume sdepth5(/) < depth5(/), and denote Jk = {yi, . . . , y2k-i)f^{y2k, • • • , ysk-i) C 
Sk := S[yi, . . . ,y3k-i]- According to Lemma 3.7, we have sdepth.g^{Sk/Jk) = n + k and 
depth.g^{Sk/Jk) = 1- Let Ik := ISk + Jk- By Remark 1.3, sdepth.g^{Ik/Jk) > sdepth5(/) + A;. 
On the other hand depthg^{Ik/Jk) = depth5(/) + depthg^{Sk/Jk) — n = depth5(/) + 1. 

Therefore, there exists a positive integer ko, such that sdepth5^(/fc/Jfc) > sdepth5^(/fc/Jfc) 
for any k > ko. It follows, by (2), that sdepth5(/) > depth_5(/), a contradiction. D 
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